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Dr. Ming-Lun Hsieh is an expert in algebraic number theory, especially in Iwasawa
theory and special values of L-functions. His outstanding contributions in
understanding lwasawa main conjecture for CM fields and the p-adic BSD conjecture
for CM elliptic curves are highly regarded among the top world experts. In less than ten
years Dr. Hsieh has establish himself as one of the top world expert in algebraic
number theory and is generally considered one of the main authorities in lwasawa
theory. Dr. Hsieh's recent works concerning the construction of p-adic tripe L-series
associated to the so-called Hida families are of the highest standards and they are
expected to have many further important applications in the future. Besides making
outstanding scientific contributions, Dr. Hsieh has supervised many Ph.D. students and

post-doctoral fellows since coming back to Taiwan. This is despite his relatively young
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age and shows that he is very much concerned about nurturing the next generation of

mathematicians in Taiwan. It is our expectation that he will continue to play a very

significant role in this regards in the years to come. In conclusion, | believe that he is

currently the most natural candidate for the Academic Award of the Mathematica

Society and recommend him in the strongest possible term.

MUBRBEHHREARMERRE TN ZA5HE ¢

1.

Dr. Ming-Lun Hsieh’s research area is algebraic number theory. He has made
signification contributions to the lwasawa main conjecture for CM field and the
p-adic BSD conjecture for CM elliptic curves. His work appeared in JAMSin 2014 is
highly recognized by the word experts in this area. His more recent work on the
arithmetic of p-adic triple L-series also makes important contributions to modular
forms and elliptic curves.

Dr. Hsieh has an impressive publication list with 17 papers and preprint in 10 years
after receiving the PhD degree. He has established himself as one of the leading
expert in the Iwasawa theory.

Prof. Hsieh is an internationally well-known expert in the area of Birch and
Swinnerton-Dyer (BSD) conjecture. This is a notoriously difficult, deep and
important area in number theory, to which Hsieh is steadily making
groundbreaking contributions. Working in this area requires mastering
automorphic forms/representations of unitary and symplectic groups, special
values of p-adic and complex L-functions, Galois cohomology, Euler systems, etc.
In his effort to establish the BSD conjecture for various cases, Hsieh has made
contributions to each of the above topics. His papers all appear in top ranked
journals, including Journal of AMS, which speak volume of the importance and
quality of his work.

Prof. Hsieh has received many awards in the past. He is a leading number theorist
in Taiwan who enjoys high international reputation and visibility. People flock to
him to seek his supervision and guidance, including some from US and Japan. This
is a rare phenomenon among Taiwanese mathematicians. | admire his
achievements greatly. He definitely deserves the honor and recognition of this
prestigious award from Taiwanese Math. Society. | recommend him strongly for

this award.

MEMUEXBEHNHHRMEMESEBSEZNGE  NERHBRBMWE - D
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1. Iwasawa main conjecture for CM fields (2010-2013)
The work [1] is the culmination of my three-year effort on Iwasawa theory for CM
fields, in which | proved an one-sided divisibility result towards Iwasawa main
conjecture for CM fields as well as p-adic Birch and Swinnerton-Dyer conjecture for CM
elliptic curves over totally real fields. The method is to construct Eisenstein congruence
on the quasi-split unitary group of degree three and then apply a generalization of
Ribet' s converse of Herbrand to construct non-trivial Selmer classes for CM fields. The
hardest part was to prove the Eisenstein congruence | construct is non-trivial. To
resolve this difficulty, | was led to prove the vanishing of mu-invariants of
anticyclotomic p-adic L-fucntions for CM fields in [2], where for the first time the theta
dichotomy is applied in Iwasawa theory.
2. Anticyclotomic Iwasawa theory for modular forms (2014-2016)
With Masataka Chida, | developed Iwasawa theory for elliptic modular forms of higher
weights over the anticyclotomic Zp-extension of an imaginary quadratic field. The
analytic side was carried out in our Crelle paper (2018). In the algebraic side, we
proved one-sided anticyclotomic Iwasawa main conjecture for modular forms in our
Compositio paper (2015). With Francesc Castella, | proved Perrin-Riou' s explicit
reciprocity law for generalized Heegner cycles over the anticyclotomic Zp-extension of
an imaginary quadratic field, and established Bloch-Kato conjecture for modular forms
over imaginary quadratic fields in the rank zero case in our Math. Ann. Paper (2018).
3. Arithmetic of p-adic triple L-series (2017--present)
In the work [3], | constructed the three variable p-adic triple L-series associated with
Hida families. As an application, | gave an Euler system construction of the
anticyclotomic p-adic L-functions for modular forms. This leads to my current joint
work with Francesc Castella, where we prove the non-vanishing of generalized Kato
class for an elliptic curve E is equivalent to the p-Selmer rank of E is two. This work
gives the first explicit construction of a non-trivial Selmer class for elliptic curves of
rank two and deserves of further investigation.
KREF
1. Eisenstein congruence on unitary groups and Ilwasawa main conjecture for CM
fields Journal of the American Mathematical Society, 27(2014), no.3, 753-862.

2. On the vanishing of mu-invariant of anticyclotomic p-adic L-functions for CM fields
Journal fur die Reine und Angewandte Mathematik, 688(2014), 67-100.

3. Hida families and p-adic triple product L-functions American Journal of
Mathematics (2019), to appear. 78pp.
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1. Prof. Fu-Tsun Wei’s research area is number theory. More specifically, he is
working on arithmetic of curves over function fields, special values of L-functions
over function fields and arithmetic of Drinfeld modules. He is known for his work
of using automorphic forms over function fields to study the special values of L-
functions on the ellipticcurves.
Prof. Wei obtained his PhD in 2010. In less than 10 years, Dr. Wei has an impressive
list of publications with 19 papers and preprints. He is considered as a promising
young star in the area of number theory.

2. Prof. Wei’s research focuses on function field arithmetic. More precisely, he

studies arithmetic properties of special values of L-functions attached to algebraic




2019 PEREHEZSEARE

objects, like curves, varieties, and Drinfeld modules, defined over function fields,
finds their geometric meaning as well as connections with automorphic functions.
He has published many important papers in number theory and arithmetic
geometry in the very top notch journals. It is very impressive in terms of both
guality and quantity.
Prof. Wei undoubtedly is the most outstanding young mathematician in Taiwan of
his generation, as evidenced by the many awards he has won in his career.
While his performance has always been at the top among his peers in Taiwan ever
since his Ph.D., it should be pointed out that today he has built an outstanding
international reputation. In view of the increasing slope of his performance, it is
very assuring to me that more remarkable results can be expected of him in the
future. He absolutely deserves the honor and recognition of this award from the
Taiwanese Math. Society.
HEMUEXRBEHNREBEEMAERGESEEEZIGE NSRS FHERE -
VAZL5R5 -

MREILIENLE

The research of the nominee focuses on special values of the automorphic
L-functions and Eisenstein series over function fields. In the function field world, the
“Drinfeld modular parametrization” always exists for every non-isotrivial elliptic curve.
In particular, the Hasse-Weil L-function of non-isotrivial elliptic curves are
“automophic”. Moreover, from the work of Tate, we have the “one-side inequality” in
the conjecture of Birch and Swinnerton-Dyer over function fields. The work of the
nominee is mainly to use automorphic forms over function fields as tools to obtain
explicit formulas for special values of the L-functions coming from non-isotrivial elliptic
curves.

One of his current work is to derive a function field analogue of the Kronecker
limit formula, which expresses the logarithmic derivative of “non-holomorphic”
Eisenstein series on “Drinfeld half space” in terms of the “degree” of the corresponding
“period discriminant”. As a consequence, this formula enables us to connect the
logarithmic derivative of the Dedekind-Weil zeta function associated to the “imaginary”
(as well as the“totally real”) function fields with an average of the “co-volume” of the
corresponding “period lattices”. This leads directly to a Colmez-type formula for “CM
Drinfeld modules”. Note that Eisenstein series can be viewed as “kernel functions” in
the integral forms of various types of automorphic L-functions. His formula also gives a
“period” interpretation for the associated L-values.

Another work of the nominee introduces non-archimedean analogue of

5
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“automorphic” Green’s functions, and shows a “limit formula” which expresses their
derivatives in terms of the Manin-Drinfeld theta functions on Drinfeld half plane. From
Gross’ interpretation of Neron’s local height in the non-archimedean case, the
derivative in question are related naturally to certain “intersection numbers”. One key
observation (by the nominee) on the connection between Eisenstein series and
automorphic Green’s functions over function fields, this result provides a conceptual
link between the corresponding automorphic L-values and certain “geometric
guantities”.

REZE

1. Fu-Tsun Wei, Kronecker limit formula over global funct ion f ields, American

Journal of Mathemat ics vol. 139 no. 4 (2017)1047-1084.

2. Fu-Tsun Wei, Green's funct ions on Mumford curves, Mathmat ische Annalen vol.
370 Issue 3-4 (2018) 1571-1605.

3. Chih-Yun Chuang & Ting-Fung Lee & Fu-Tsun Wei* & Jing Yu, Brandt matrices and
theta series over global funct ion f ields, Memoirs of the American Mathemat ical
SocietyVolume 237 Number 1117 (2015).
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Stability of Minimal Lagrangian Submanifolds and Soliton Solutions for Lagrangian
Mean Curvature Flow
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| am interested in the existence and uniqueness of
-u SPecial Lagrangian submanifolds and Lagrangian
mean curvature flow in Calabi—Yau manifolds. The
guiding principle in this direction is the
h Thomas—Yau conjecture (and the modified version
by Joyce), which states that there exists a stability
structure in the derived Fukaya category so that

the stable objects are generated by special
Lagrangian submanifolds. Therefore, my ultimate
goal is to use the techniques from Geometric
Analysis, Algebraic Geometry, and Category Theory

to tackle Thomas—Yau conjecture.

wwmX LIENT 48

Stability provides important information about critical points of some
functionals. In this thesis, the class of functionals we are interested in are the
f-volume functionals defined on the space of Lagrangian submanifolds in a
K\"ahler manifold X, where f is a function on X. The critical points for the f-volume
functional are called the f-minimal Lagrangian submanifolds, which are
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generalizations of minimal Lagrangian submanifolds and soliton solutions for
Lagrangian mean curvature flow. We study two different notions of stability with
respect to the f-volume functional, namely the linear stability and dynamic
stability.

The linear stability concerning the positivity of second variation of f-volume
functional at an f-minimal Lagrangian submanifold. We derive a second variation
formula for f-minimal Lagrangian submanifolds, which is a generalization of the
second variation formula by Chen and Oh. Using this we obtain stability criterions
for f-minimal Lagrangian submanifolds in gradient K\"ahler--Ricci solitons. In
particular, we show that expanding and translating solitons for Lagrangian mean
curvature flow are f-stable.

The dynamic stability on the other hand regarding the existence and
convergence of the negative gradient flow of the f-volume functional, the
generalized Lagrangian mean curvature flow, starting from an initial data nearby a
critical point. Since the examples of f-minimal Lagrangians we are most interested
in are complete noncompact, we first prove a short-time existence for
asymptotically conical Lagrangian mean curvature flow. Then we give some
long-time existence and convergence results for equivariant, almost-calibrated,
asymptotically conical Lagrangian mean curvature flow in C".

=(FB%

1. f-minimal Lagrangian Submanifolds in Kahler Manifolds with Real Holomorphy
Potentials, 2019, available at arXiv:1901.00259, to appear in International
Mathematics Research Notices.

2.  Mean curvature flow of asymptotically conical Lagrangian submanifolds, 2019,
to appear in Trans. of AMS.



https://arxiv.org/abs/1901.00259
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In this thesis, Dr. Su Wei-Bo began the investigation with the derivation of the
second variation of a f-volume functional at a f-minimal Lagrangian
submanifold in a Kahler manifold. This lead Dr. Su to generalize previous
results due to professors Chen and Oh. Upon this, Dr. Su went on to study the
linear stability concerning the positivity of the second variation in this new
content, as well as the dynamical stability regarding the existence and
convergence of the negative gradient flow of the f-volume flow.

Even at this fundamental level, it is apparent that Dr. Su has mastered
basic notions in Complex and sympletic geometries. This alone
demonstrates the width of knowledge which is import ant for Dr. Su's
future pursuit in research.

Section 3 of the thesis establishes the second variation formula with
respect to the f-volume functional, thus leading to the respective linear
stability theory for the subject. This piece of research which generalizes
previous analog results of Chen and Oh is very down to earth, with all
details being written down very concisely.

In the study of the dynamic stability, the respective f-minimal Lagrangians
which Dr. Su considered are non-compact, which give rise to non-trivial
difficulty. To overcome this, Dr. Su was able to locate the right piece s of tools
in classical geometric analysis (due to Grigor'yan, Saloff-Coste) to resolve the
difficulty which arises from the open end of an asymptotically conical
Lagrangian submaifold. This reflects that Dr. Su could successfully combine the
techniques of difficult geometric analysis (such as Heat kernel estimate in
Theorem 1.2.1 and weighted Schauder estimate etc) with those in Sympletic
geometry.

All and all, this thesis clearly demonstrates the width and depth of Dr. Su
knowledge in areas of sympletic geometry and geometric analysis.

Moreover, the results which Dr Su obtained are of interest to important
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scholars such as professor Joyce.

This is an interesting and solid PhD thesis. The author basically studies the
stability of Lagrangian meancurvature flow (LMCF). Thefirst partofthethesisdeals
with the so called linear stability about f-minimal Lagrangian submanifolds
(“f-minimal” is a notion of “minimal” with respect to a weighted volume
functional V). The author deduces the second variation formula forV; and
discusses the associated stability. The second part of the thesis discusses the so
called dynamical stability (i.e., if we start with a certain type of Lagrangian
submanifold Lnear a model example L_0O, then L will converge to L_0 under the
LMCF). The author considers the class of asymptotically conical (AC in short)
Lagrangian submanifolds under the flow called AC LMCF. He shows the short
time existence and discusses the dynamical stability in some cases. Technically
he needs to deal with the long time existence and prove the convergence
through some blow-up analysis. LMCF is a special kind of mean curvature flow of
high codimension. It is hard to get general results on the long time existence and
the convergence. So it is already not easy for the author to prove such a stability
result in some restricted class of AC Lagrangian submanifolds.

HmUE2Z2YHEERETmYXaaEETE ZiE A RHEGELE LM

whaEE . PI2GER%E -

10



[1}

2019 TERHEHEZBREASE

Mg - B E IR
B ¥ 2=
Zh5E B

a3 BRI ERIEEFRRIRE Quotient Problems for Entire Functions
WMXIEEHIE EERAHE -

BFE .

BRI BRI 21 01, 2015-2019
1= E IR T AThE+:, 2012-2015
bt Al R EEE 2S£ B8, 2007-2011

o5 R

N FRAYBTIE ELER - TE1E diophantine geometry
! LK Nevanlinna theory » HEijH T Z0H%EHY

RE9EA linear recurrences F1¥%EE &5 kg

greatest common divisor problem - quotient

problem [/ Kz g-th root problem -

X T 48

Let {F(n)} and {G(n)} be linear recurrence sequences. It is a well-known
diophantine problem to decide the finiteness of the set N of natural numbers such
that their ratio F(n)/G(n) is an integer. We want to study an analogue of such a
quotient problem in the complex situation.

First, let f and g be entire functions which are multiplicatively independent.
We want to determine whether fn-1 is divisible by gn-1 for infinitely many n. This
is an application of the GCD estimate of fn-1 and gn-1, i.e. the Nevanlinna counting
function for the common zeros of these two sequences of functions. For this
estimate, we need to formulate a truncated Nevanlinna second main theorem for
effective divisors and explicitly compute the constants involved for a blow-up of
P1*P1 along a point. Finally, we generalize the quotient problem to a
multi-variable version as well as moving target version.

11
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=1EBi
1. J. Guo and J. T.-Y. Wang, Asymptotic gcd and divisible sequences for entire

2.

3.

functions, Transactions of the American Mathematical Society, 371(2019), no.
9, 6241-6256.

J. Guo, The quotient problem for entire functions, Canadian Mathematical
Bulletin, to appear.

J. Guo, The quotient problem for entire functions with moving targets,
preprint.

R B £
M2 E B PR 1 iR AV AR S RTRE ¢

1.

FHEE ANB Lm X REE BB E & TR BT (function fields) EAYE
#J1[E] 5 28 (Diophantine problems) - T E&[EEFE s W —E 28 B
HhiREE - REEZNEGHB BN E FRxEEIE (Fermat's Last Theorem)&E
#HMEBERUILERE - ISR - SHNEFEBBEERESRNES 2 EKEN
EE —EAEZNIRRERNEIN P AT ZEUR BT (R - SFEEZE)MH
= Bl IREERREE ENEIBERBEEGRLUKR(EE)KECERE
—EARBEEEZENRE -

738 C.Osgood LK P.Vojta EEEBZXHTIE - HM 7 ERIEE RKEITE
HJ Nevanlinna B fiEmEAERBEEOREEE AN FITHRER T &
WEELEZZVERENAR L. EPEBELIRE AR IR -
It AREENRREE EWEFERITE - Nevanlinna iR EEZEEENH
& - [REAM - Nevanlinna Bt 2B RN EBFEZNTE -

BT RUBHFT AR EZ 0] 70 M{E 75 EAREK

FIBEAREENRNEEREUNEME = 4LLKNEL (entire functions) FAIRITT
Z 2B EF(GCD) KIRRE - Big#iteR - A EZAERE f M g BE&EFA
ZMENBEESE n HIEEIESPELR K -1 BUKR g"-1
HEZRE N —1,9" —1,7) (Nevanlinna GCD) Y EFR - TEEUIHAVIE -
EAEFZNENIREEENERE - M - KRENEGERIER T L ARE
i —EFZ BEREANIBEIE-- Vojta BESTEESE AR BENERRE

S
/\—:\ °
=]
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—mMm= - BRIE f A g mE—LRBINRERE &8 N -1,9" -
1,r) HER fM™ B g" B Nevanlinna §ERE T (1) MUK
T {g"}(r) BB/ - HFAWERFSEHRX] - MEBUEHNIERARE -
FFMDA T LUBEE Vojta BAE2RFERRR U S IEAn AR 1L - TEEBE LW
a8 - MhAF Ru-Vojta EIIRVAR - AINMNARIE Vojta 1BAE - EMIS
2 N"—1,9"—1,r) B—E LR - sAEFEHAN LRSS - A2 AR
Vojta BB Z FNEIBRIFMEES AN RFER -EEFAN RS E5:E MR
RIEHEIS P E S Pisot BEMN—ERICEAE - BR 7 £ N -
1,9"—-1,r) WERZI  EEIE LB/ —ERLMF -

BELWE_BEMREREEA LMER N —1,9"—1,r) WLERE
— U IREY R B39, W (B 4R 1 {E 48 (linear recurrence) R &R EIFIEHTE 2B
HEEEINAZARENERE - £ E5E8BBAEENRTIELERIING
FARBERE  thEEZREREGE S “EIBR” (slow growth)lJ1ER
F b it EEER TR R EE - MmENME =R LR E - I ESTERNER
sthEeHBLtHmY—EESEENMAR -

BB TIEHRREN T Pisot BENBBRINMALES - LEER
Ru-Vojta FIAEREBE N(f*—1,9g"—-1,r) BN LERAZ—EBEENE
- BRI ZEFE S o MEE TR X AR EEHEBFRIRAHRER 7 =
BiwmX - HP—E33ERMN Transactions of AMS 2B EBEZHEERE
SZWNHEMT - BEKE  EEHEHNE LR

. As noticed by Osgood and Vojta, there is a striking analogy between
statements in Diophantine geometry and those in the Nevanlinna theory. In Dr.
Guo’s Ph.D. thesis, he considered problems about quotients of entire functions
defined in a similar way as linear recurrence sequences and obtained results
for these quotients that are analogous to the results for linear recurrence
sequences. Note that the problems considered in the thesis are not new. For
example, in GCD bounds for analytic functions published on IMRN in 2017, Dr.
Guo’s thesis advisor has already obtained an average version of Theorem 1.11
in the thesis. However, those existing results are not strong enough to yield
the main results in the thesis. Instead, Dr. Guo needed to improve several

results from the Nevanlinna theory in order to establish his theorems.

13
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Schimidt’s subspace theorem for varieties is also needed.

There are four main theorems in the thesis, namely, Theorems 1.9, 1.11, 1.12,
and 1.13. Among them, Theorem 1.9 and Theorem 1.11 were published, jointly
with Dr. Guo’s thesis advisor, on the Transactions of the American
Mathematical Society, which is one of the most respected journals. (As a
matter of fact, Theorem 1.9 can be regarded as a corollary of Theorem 1.11 as
the GCD estimate from Theorem 1.11 plays a crucial role in the proof of
Theorem 1.9). Theorem 1.12 was published on the Canadian Mathematical
Bulletin (CMB) very recently. Theorem 1.13 has been submitted for publication.
However, because Theorem 1.13 is more or less a minor improvement of
Theorem 1.12, under a normal circumstance, it is doubtful that Theorem 1.13
can be published on a journal with much higher reputation than the CMB.
(From the publication date of the paper on the CMB and the completion date
of the Ph.D. thesis, it appeared that after submitting Theorem 1.12 for
publication, Dr. Guo realized that his method can be extended to yield a more

general result.)

Overall, | think the thesis is of solid quality. The results are quite interesting
and significant. In addition, the thesis was very well-prepared as | can hardly

find any typos or missed punctuation marks.

BN BEYN BB IR YA EEE 2 E A REEE T E TR
ehasE . DIZLERB -
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The Stability of Donaldson's Flow and Mean curvature Flow in Hyperkdhler Four
Manifolds
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T EEH TSI oy 20T > E & & T Ricc
Flow Mean Curvature Flow [l K E fth & fEHHY
geometic evolution equations °

1 I %% hyperkahler four manifold | HY
Donaldson's flow §1 » 7N % fifg T Kahler £& {o]
Holonomy TheoryZE ¥ 5 o

am X TIEN A8

In recent year, Wang and Tsai proposed a series of paper about the stability
of mean curvature flow about strongly stable submanifolds. They show that if a
submanifold is close to the strongly stable submanifold then the mean curvature
flow exists for all time and converges smoothly. On the other hand, Donaldson
used moment map and diffeomorphism to construct lots of geometric evolution
flows. In particular, the hyperkahler four manifold case was explicitly discussed by
Song and Weinkove. They found that Donaldson's flow is similar to the mean
curvature flow in this case. In this thesis, we discuss the Donaldson's flow in detail

and prove a result similar to the Wang and Tsai’s result.

HEE 7B R 0
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1. This is an excellent Master thesis. Its quality is much better than a usual
Master thesis. The author had to be familiar with a lot of background material
such as complex and hyperkahler structures in geometric side and curvature
flows in analytic side before he could work on some interesting problems. The
study of hyperkahler 4-manifolds has attracted much attention in recent years.
The author ends up to be able to prove a stability result about the special
hyperkahler flow (Donaldson’s Flow) of a certain class of Lagrangian surfaces
on a hyperkahler 4-manifold. The reviewer believes that the result is new and
can be published in an international decent journal. The proof involves many
estimates to build up long time existence and the convergence of the flow.
This shows the author’s prowess in analytic techniques. In fact it looks like a
PhD thesis.

2. In this thesis, Dr. Lee mainly gave a detailed exposition of the constructions of
geometric evolution flows due to Do naldson, Son and Weinkove. Since the
work of professors Song and Weinkove emphasized the part icular case of
hyperkahler manifolds. As is well-known, the subject of hyperkahler manifolds
is a difficult one. This difficulty is partially due to the fact that the
existence of a hyperkahler metric is based on the classical Calabi-Yau's
theorem in geometric analysis, and thus is not explicitly expressed. In any case,
Dr. Lee succeeded in giving a very careful and clear exposition of the
fundamental material, as well as the more up-to-dated current researches due
to important scholars at the international level. | would like to stress that the
basic subject about hyperKahler manifold alone is already a challenge for a
Master-student at the common level. So, it is apparent from the content of this
thesis that Dr. Lee has mastered all the technical aspects as involved.
Moreover, it is worthwhile to mention that Dr. Lee was able to push the
constructions one step forward. This shows that Dr. Lee is ready to step on the

road of serious research in the future.

e MU B ERFEIBIE LM TS EEE ZatE ARG LR LT
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Spectrum Geometric Properties And Gradient Estimates For P-Laplacian
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In this thesis, we study the properties of the spectrum geometric and
gradient estimates for p-Laplacian on complete Riemannian manifolds with the
Ricci curvature is bounded from below. First, we prove a splitting type theorem for
the Laplacian. Then, we give a local gradient estimate for the positive
p-eigenfunction associated to the first eigenvalue of the p-Laplacian. Moreover,
we show global sharp gradient estimates for p-eigenfunctions. On the other hand,
we first derive a Li-Yau type gradient estimate for the positive solutions to the
p-Laplacian heat equation. Finally, we prove that the first eigenvalue of the
p-Laplacian is strictly monotone increasing and differentiable almost everywhere
along with the Ricci-Bourguignon flow under some different curvature

assumptions.

=Z(FB%

1. H. T. Dung, Gradient estimates and Harnack inequalities for Yamabe-type
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1. This is a very solid Master thesis. The author studies the properties of the

spectrum and the gradient estimate for the p-Laplacian on a complete
Riemannian manifold with Ricci curvature bounded from below. He obtains
many results as follows. He first shows a splitting type theorem for the
Laplacian. Applying known techniques for the Laplacian, he gives a local
gradient estimate for the positive p-eigenfunction associated to the first
eigenvalue of the p-Laplacian and global sharp gradient estimates for
p-eigenfunctions. He also derives a Li-Yau type gradient estimate for the
positive solutions to the p-Laplacian heat equation and the first eigenvalue of
the p-Laplacian is strictly monotone increasing and ---. This thesis is much
longer than a usual Master thesis, collecting many small results together. The

p-Laplacian for p>2 is mildly interesting in my opinion.

. In the thesis entitled "Spectrum Geometric Properties and Gradient Estimates
for p-Laplacian, Mr. Dung studied the current wel 1-known results which are
generalizations of those classical ones in Geometric Analysis as developed in
the 1980's. Concrete results which are reported by Mr. Dung here include, in
particular, gradient estimate for the p-laplacian (due to Dung Oat, Wang-Zhang,
Li-Wang, Sung-Wang etc.), as well as that for the p-Laplacian heat equations.
All'in all, it is apparent to me that: in order to achieve this, Mr. Dung had first,
as a necessary preparation, to master the majority of the basic material in the
extremely well-known famous book on Geometric Analysis by professors Yau

and Schoen (as well as that by professor Peter Li). | would like to stress that the
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duration of Master-level study is relatively short, and it is unusual that Mr.
Dung could acquire such an overwhelming amount of deep and difficult
techniques in classical geometric analysis in his Master-level study. Not only
that, Mr. Dung also tried, in section 5. 2 of his thesis, to slightly improve those
well-known gradient estimates for heat equation in the manifold setting. This
is a brave action by Mr. Dung, and this counts as Mr. Dung very first step

towards his future serious research in mathematics.

It is my opinion that the level of this Master-level thesis by Mr. Dung clearly
shows that Mr. Dung is ready to pursuit research at a genuine level in the near
future. As | see it (from the evidences as seen in this thesis), Mr. Dung has
acquired the basic training of Geometric Analysis even at the beginning Ph.D.
level, though he is now just a graduate at the Master-degree level. It is my
genuine hope that Mr. Dung will have independent and original contribution to

mathematical research in his near future.

| am very impressed by the breath of training and expertise knowledge of Mr.

Dung.
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